I. Early Perspective
Until the late fourteenth century the use of perspective in art was not based on mathematics.
Perspective was represented in an intuitive manner, using four key techniques to imply a sense of depth and reality in the artwork. The intuitive techniques for representing perspective are classified into the categories of overlapping, vertical, diminution, and atmospheric. An example of intuitive perspective can be found in "The Battle of Alexandria" [14] (Figure 1 ) which was painted in the first century B.C. This picture displays the technique of overlapping to show depth, in which the partially covered men and horses are located behind other men and horses, even though the sizes are not much different. 
II. Pioneers in Perspective
Filippo Brunelleshi (1377-1446) was a Florentine man of many trades. As an architect, sculptor and an engineer, he also worked as an "applied" mathematician, yet his work in perspective was never formally documented. Brunelleshi was the first person to carry out experiments leading to mathematical theories of perspective. His painting of the Baptistery in Florence was ground breaking work. To create the painting of the Baptistery he first set up a mirror across the square so that he could see the Baptistery in the reflection. The image in the mirror was then painted onto a wooden tablet in which a small hole had been drilled.
Afterwards, observers were invited to stand facing the Baptistery and look through the hole in the painting while holding the mirror in front to reflect the artwork. The point of his experiment was to be able to move the mirror so that the observer was looking at parts of both the painting and the Baptistery so that the observer could see that the image lined up with the actual building (e.g. was in the same ratio and perspective) [2] ( Figure 5 ). Unfortunately, the painted panel has not survived. New rules of proportions and symmetry were created from Brunelleshi's work and also led to other explorations in art perspective. • A viewing distance is determined. This is the optimal distance between the observer and the canvas. From this the viewer point is located. This is a point on the horizon line outside the frame. Its distance is the viewing distance from the frame.
• Below is a simple example of the technique that Piero used to transform the octagon. It is based on the process outlined by Alberti for projecting a tiling into linear perspective.
• An octagon is first drawn on a grid to connect the shape to a tiling ( Figure 11 ). Figure 11 : Octagon put into a grid.
• Once the grid is transformed into a tiling in perspective, the points associated with the vertices of the octagon can be located in these transformed coordinate system. Figure 12 shows the projection of the octagon. 
III. Some Further Examples of the Use of Mathematical Linear Perspective
Maple can be used to show that Perugino painting "Jesus Handing the Keys to St. Peter," (1470's) [13] is an example of mathematical linear perspective. Figure 13 shows the painting with the perspective lines. Notice that the vanishing point is at the door of the building. Florence is an interesting curiosity, it is a church that was erected with perspective in mind. The vanishing point is the altar at the end of the church and the perfection of perspective can be seen in the picture [16] with lines ( Figure 14 ). To reproduce this effect on the tiling using mathematics, it must be recognized that a "wide-angle" image takes something that is too wide to be caught in a single picture and narrows it down, creating curvature as can been seen in the simple hand drawing in Figure 15 [3] . Figure 15 : A demonstration of the curvature created by "wide angle" views
To recreate this idea, this project will consider a wide tiling and transform it so that it fits into a narrower frame. Mathematically, this is accomplished using the following steps:
• A wider framed tiling is produced as before with the viewing point equidistant from the border as the vanishing point ( Figure 16 ). This viewing point is then used to determine the viewing point of the narrower tiling which maintains the same height ( Figure 17 ). • The lengths of the horizontal lines in the wide tiling are longer than in the narrow tiling.
This difference in length will create a curvature of the horizontal lines when the wide tiling is transformed into the narrow one. The exact curvature is found by using the equations associated with cords and arcs of a circle. By knowing the length of both the cord and also the arc, we can solve the following equations for both r and θ using Maple:
The knowledge of r and θ allows the center of the circle to be computed and the arc to be drawn as is shown in Figure 18 . • This process is continued for each horizontal line to create curves as seen in Figure 19 . 
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